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1. INTRODUCTION 
W. Segiet has proved the following generalization of Joshi’s theorem 
THEOREM (1.1) (Th. 4 in [6]). Suppose that XC R”+l is a Borsuk set and 
cp: X + R” is an admissible multi-valued mapping. Then there exists a pair 
(x,y)EXxXsuch thatx= -~yforsomei>Oandcp(x)ncp(y)#~. 
Next the author obtained the following 
THEOREM ( 1.2) (Th. 3 in [4]). Let X be a compact Huusdorff space and 
a single-valued map a: X + S” induces the nonzero homomorphism 
a* : H,(X, Z,) + H,(S”, Z,). Then for every multi-valued admissible map cp 
f rom X into a k-dimensional topological manifold Mk such that 
(p* : H,(X, Z,) -+ Hi(Mk, Z,) is zero for i > 0, the covering dimension of the 
set X,={XEX:~~EX, a(x)= -a(y), and q(x)ncp(y)#@} is not less 
than n-k. 
In the sequel, G denotes a cyclic group Z, (p-prime). By (Sn, G) we shall 
always mean an n-sphere s” and the standard free action of G on S” (if 
p > 2 then n is odd). 
The purpose of this paper is to prove 
THEOREM (1.3). Let X be a compact Hausdorff space and a single-valued 
map a of X into a sphere S” induces the nonzero homomorphism 
a* : H,(X, Z,) + H,(S”, Z,). Then for every multi-valued admissible map cp 
from X into a k-dimensional generalized mantfold Mk over Z, such that 
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‘p* : ff;(X z,, + H,(Mk, Z,) 1s zero for i > 0, the covering dimension of the 
set 
Xk=(~~X:3x,,...,xp~,~X,a(~)=g-1a(x,)= -.. =g’-pa(x,-l), and 
cp(x)ncp(x,)n ... ncp(x,-l)+lZII 
is not less than n - (p - 1) k (g is a fixed generator of G). 
2. G-SPACES 
In this section we summarize without proofs the relevant material on 
G-invariant spaces, multi-valued maps, and the index of G-spaces. For 
more details we refer to [t, 2, 31. 
A G-space is a pair (X, G) where X is a compact Hausdorff space and G 
acts freely on it. If A is a compact G-invariant subset of X then (A, G) is 
also G-space called a G-subspace of (X, G). A map f of a G-space (X, G) 
into a G-space ( Y, G) is a map of X into Y such that fog = g of where g is a 
fixed generator of G. 
PROPOSITION (2.1). For any G-space (X, G) there is a map of (X, G) into 
(Sk, G) for sufficiently large k. 
Let (X, G) be a G-space. Let f be a map of (X, G) into (Sk, G) 
and (f,), : H,G(X, Z,) -+ H,G(Sk, Z,) its induced homomorphism where 
HE( ., Z,) denotes the q-dimensional Tech-Smith homology group with Z, 
as coefficients. 
There is a unique integer r (which is really independent of the choice of k 
and f) such that (f,), # 0 for q d r and (f,), = 0 for q > r. The integer r is 
called the index of (X, G). 
PROPOSITION (2.2). The index (s”, G) is n. 
PROPOSITION (2.3). If there exists a map f of (X, G) into ( Y, G) then the 
index of (X, G) is less than or equal to the index of (Y, G). 
Let a be a map of compact Hausdorff space X to an n-dimensional 
sphere S” and let group Z, (p-prime) act freely (in the standard way) on it. 
We detine a subspace X, of XP as {(x,, . . . . xPP ,)~X~:a(x~)=g-‘a(x,)= 
. . . = g ’ -fa(x,- ,)}. Clearly X, is a compact Hausdorff space. 
There is a natural action Z, on X, defined by 
g(x,, . . . . xp - I) = (x, 1 . . . . xp-, I x0). 
The author proved the following 
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PROPOSITION (2.4) (Th. (3.1) in [S] ). If a map cc of a compact Huusdorff 
space X to a sphere S” induces the nonzero homomorphism CI* : H,(X, Z,) + 
H,( S”, Z,), then the index of (X,, G) is n. 
PROPOSITION (2.5) (see [7, 51). Let c1 he u map of a compact Hausdorff 
space Y into a sphere S”. If the covering dimension of Y is less than 1, then 
the index of ( Y,, G) is less than 1. 
We say that a multi-valued map cp: X --* Y is upper semicontinuous (use) 
if 
~ for every x E X the set q(x) c Y is nonempty and compact; 
- for every XE X and for every open set V in Y containing q(x) 
there exists an open set U containing x, such that for every x’ E U, cp(x’) is 
contained in V. 
An USC map cp: X -+ Y is said to be Z,-admissible if there exist a space f 
and two single-valued continuous maps p: r + X and q: r --) Y such that 
- p is a Vietoris map, i.e., p(T) =X, p is a proper map, and p-‘(x) 
is Z,-acyclic for each x E X; 
- for every XE X the set q(p ~ l(x)) is contained in q(x). We say 
that the pair (p, q) is a selected pair of cp. 
3. THEOREM OF VOLOVIKOV FOR MULTI-VALUED MAPS 
A. Volovikov proved the following 
THEOREM (3.1) (see [S] ). Let (X, G) be a G-space of index n and let f 
be a continuous map from X into a k-dimensional generalized manifold Mk 
over Z, such that f, : H,(X, Z,) + Hi(Mk, Z,) is zero for i > 0. Then the set 
Xk= {x~X:f(x)=f(gx)= ... =f(gP-‘x)} is a G-invariant subset of X 
and the index of (X,, G) is not less than n - (p - 1) k. 
We prove a generalization of the above theorem which states as follows 
THEOREM (3.2). Let (X, G) be a G-space of index n and let cp be an 
admissible multi-valued map from X into a k-dimensional generalized 
mantfold Mk such that ‘p* = 0: H,(X, Z,) + Hi(Mk, Z,) for each i > 0. 
Than the set X,={x~X:(~(x)ncp(gx)n ... ncp(gp-'x)#@} is a 
(--invariant subset of X and the index of (X,, G) is not less than n-(p- 1)k. 
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Proof: Consider the following diagram 
where w= {(x, gx, . ..) gp- lx, ~~,z~,...,z~~~)~X~x~~:~(z~)=g~x, i= 
0, . . . . p - 1> ((A 4) is a selected pair of cp), S: x+ X is defined by the 
formula x(x, . . . . gpP lx, zO, . . . . zpP ,) = x and 7~: 8+ r is defined by 
n(x, . . . . $- lx, zo, ..: fp- 1) = 20. This diagram is obviously commutative. 
Clearly, the space X IS compact. We see that s is a Vietoris map because for 
every XEX the set s-‘(x) is homeomorphic to d-‘(x)xd-‘(gx)x ... x 
d-‘(g”-‘x) and the latter is acyclic (j is a Vietoris map). There is a natural 
action 2, on 2 given by g(x, . . . . gp-‘x, zO, . . . . zp- ,) = (gx, . . . . g_“- lx, x, 
Zl, ..., Zp-l, z,,) and s is a G-invariant map between G-spaces (X, G) and 
(X (3. 
We shall show that its induced homomorphism s*: H,H(g, 2,) + 
H,H(X, 2,) is an isomorphism. This follows from two facts: 
(1) if a map f of G-space (X, G) onto a G-space ( Y, G) is a Vietoris 
map, then the induced map j\ from X/G onto Y/G is also Vietoris (X/G 
denotes the orbit space of (X, G)); 
(2) for every map f of G-space (X, G) into a G-space (Y, G) the 
following diagram commutes 
where I?,,( ., Z,) is a Tech homology group with Z, as coefficients and r* is 
the transfer. (Note that T, is an isomorphism (see [l, p. 124]).) 
From this we see that the index of (g, G) is equal to the index of (X, G). 
Because the homomorphism q* 0 zL*: Hi($ Z,) -+ Hi(Mk, Z,) is zero for 
each i > 0 (see [4]), the theorem of Volovikov can be applied to the space 
(f, G) and the map qo rc. Thus the index of the set zk = (2 E p: 
q”n(~)=q~7r(g~)= ... =qo7c(g P-lx)} is not less than n - (J- 1) k. By 
(2.3) it follows that the index of the set X, = {XE X: q(x) n cp(gx) n 
. ..~(gP-‘x)#12/jisnotlessthann-(p-l)kandtheproofiscompleted. 
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4. GENERALIZATION OF THE THEOREM OF 
BOURGIN-YANG 
In this section we shall prove the following generalization of the theorem 
of Bourgin-Yang: 
THEOREM (4.1). Let X be a compact Hausdorff space and let a single- 
valued map CI of X into a sphere S” induce the nonzero homomorphism 
CI*: H,(X, Z,,) + HJS”, Z,). Then for every multi-valued admissible map cp 
from X into a k-dimensional generalized manifold Mk over Z, such that 
(p* : Hi( X, Z,) + Hi(Mk, Z,) is zero for i > 0, the covering dimension of the 
set 
and 
is not less than n - (p - 1) k. 
Proof: Let cp’: X, + Mk be the map defined by (p’(xO, . . . . xp- ,) = cp(x,,). 
Clearly, cp’ is a multi-valued admissible map. By (2.4) the index of the set 
(X,, G) is n so by Theorem (3.2) the index of the set Yk = ((x0, . . . . xp- 1) E 
X,: $(x0, . . . . x~-~) n q’(g(xo, . . . . xppl)) n ... n cp’(gp-‘(x0, . . . . xpeI)) 
#@} is not less than n-(p-1)k. 
Since Yk is a G-invariant subspace of (X,),, the index of (Xk), is not less 
than n - (p - 1) k (see Prop. (2.3)). So, by (2.5) the covering dimension of 
X, is not less than n - (p - 1) k and the proof is completed. 
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